The Variational Quantum Eigensolver approach to the electronic structure problem on a quantum computer involves measurement of the Hamiltonian expectation value. Formally, quantum mechanics allows one to measure all mutually commuting or compatible operators simultaneously. Unfortunately, the current hardware permits measuring only a much more limited subset of operators that share a common tensor product eigen-basis. We introduce unitary transformations that transform any fully commuting group of operators to a group that can be measured on current hardware. These unitary operations can be encoded as a sequence of circuit gates and let us measure much larger groups of terms. The problem of finding the minimum number of fully commuting groups of terms covering the whole Hamiltonian is found to be equivalent to the minimum clique cover problem for a graph representing Hamiltonian terms as vertices and commutativity between them as edges. Tested on few molecular electronic Hamiltonians with up to fifty thousand terms, the introduced technique allows for the reduction of the number of separately measurable operator groups down to few hundreds, thus achieving up to two orders of magnitude reduction. It was also shown that this gain scales at least linearly with the number of qubits.
I. INTRODUCTION
Using quantum superposition and entanglement, quantum computers promise a new powerful route to solve problems that are exponentially hard for their classical counterparts. Even though quantum hardware advancements generated a surge of interest in developing new algorithms to solve these hard problems, we are still in the era of noisy intermediate scale quantum (NISQ) computing. 1 One of the hallmarks of NISQ algorithms is hybrid quantum-classical optimization of parametrized quantum circuits. The Variational Quantum Eigensolver (VQE) approach is one of the most popular realizations of this idea for solving optimization problems by mapping their solution to lowest eigen-states of a particular Hamiltonian with a bounded spectrum. [2] [3] [4] In this case, the optimization is simplified by the existence of the variational theorem that guarantees that any trial wavefunction will approach the solution from above. In VQE, the quantum computer prepares a trial wavefunction |Ψ q and estimates an expectation value for the target Hamilto-nianH = Ψ q |Ĥ q |Ψ q . The classical computer suggests a next trial wavefunction using results of expectation values based on previous wavefunctions.
One of the exponentially hard and thus attractive problems that is highly valuable for chemistry is the electronic structure problem. [3] [4] [5] [6] [7] [8] Its solution provides a route to predicting chemical properties and designing many new valuable compounds such as materials and drugs. It is formulated using the Born-Oppenheimer separation of nuclear variables as parameters for the electronic part of the time-independent molecular Schrodinger equation
whereĤ e (R) is the electronic Hamiltonian, R is the nuclear configuration of interest, and E e (R) is the electronic energy. To treat this problem within the VQE framework it can be mapped to a qubit eigenvalue problem
whereĤ q (R) is the qubit Hamiltonian obtained from a second quantized form ofĤ e (R) 9 using one of the fermionqubit mappings, [10] [11] [12] [13] [14] and |Ψ q (R) is the corresponding qubit wave-function. For a molecule, the qubit Hamiltonian is a linear combination
of Pauli tensor productsP I (Pauli "words") defined aŝ
whereσ (I) i is one of thex,ŷ,ẑ Pauli operators or the identity operatorê for the i th qubit. The number of qubits, N , is equal to the number of molecular spin-orbitals used in the second quantized form the electronic Hamiltonian. Below, for simplicity, we will skip the nuclear configuration R but always assume its existence as a parameter.
Besides problems associated with devising low-depth circuits for accurate preparation of |Ψ q , the electronic structure problem poses another difficulty for VQE, namely estimation of the expectation value for the qubit Hamiltonian arXiv:1907.09386v2 [quant-ph] 23 Jul 2019 H q . Note that in contrast to quantum simulators, 15, 16 in universal gate quantum computing,Ĥ q originated from H e is not physically implemented and does not correspond to the Hamiltonian of physical qubits. This makes its measurement a difficult task similar to the quantum tomography, 17, 18 with the only simplification that one needs to measure an O(N 4 ) subset of the total 4 N set of Pauli words.
Previously, the measurement problem has been addressed through grouping of Pauli words whose expectation value can be measured simultaneously. 7, 19 Owing to additivity of the total Hamiltonian expectation value such grouping allows the reduction of the number of separately measured operators. Considering that current hardware can only measure single-qubit operators and during the measurement the total wavefunction collapses to a tensor product state of one-qubit eigenstates of measured operators, only Pauli words that have a common tensor product eigen-basis (TPE) can be grouped together for simultaneous measurement. 19 It was found to be possible to reformulate optimal grouping of terms based on their shared TPE as a graph minimum clique cover (MCC) problem. This reformulation gave a systematic approach to reduction of the total number of terms approximately three times from the total number of Hamiltonian terms. 19 TPE based grouping somewhat reduces the prefactor of the O(N 4 ) dependence for the number of measured groups but does not change the scaling. Recently another approach has been put forward: mean-field partitioning. 20 Even though it gave some advantage compare to the TPE based partitioning, it requires to introduce feed-forward measurement [21] [22] [23] [24] that has not yet become available in mainstream quantum hardware. Also, the assessment of mean-field partitioning is hindered by the absence of an optimal partitioning algorithm.
Here we propose a different approach, starting with groups of fully commuting terms we convert them into TPE sharing groups by introducing unitary transformations. The necessary unitary transformations are obtained analytically using an extension of symplectic geometry techniques developed by Bravyi et al. 25 for tapering off qubits. In general, sizes of fully commuting groups in qubit Hamiltonians are much larger than those of TPE sharing groups, and the proposed technique allows for the scaling reduction of the number of simultaneously measurable groups, which significantly increases a range of molecular systems amenable to VQE studies on NISQ hardware.
II. THEORY

A. Tensor product eigen-basis sharing groups
More insightful and practical criterion for grouping terms sharing TPE can be formulated using qubit-wise commutativity: two Pauli words are qubit-wise commutative if each of single-qubit Pauli operator in one word commutes with its counterpart in the other word. Qubitwise commutativity is more strict condition than regular commutativity and thus can be considered as sufficient but not necessary for the latter. For example,x 1x2 and x 1ê2 are both commutative and qubit-wise commutative, butx 1x2 andŷ 1ŷ2 are only commutative.
In the conventional VQE scheme, theĤ q is separated into sums of qubit-wise commuting (QWC) terms,
where allP (n) I within oneÂ n group are qubit-wise commuting. Partitioning of theĤ q in Eq. (5) allows one to measure all Pauli words within eachÂ n term in a single set of N one-qubit measurements. For every qubit, it is known from the form ofÂ n , what Pauli operator needs to be measured. The advantage of this scheme is that it requires only single-qubit measurements, which are technically easier than multi-qubit measurements. Also, qubit-wise commutativity between terms provides a binary symmetric relation that is convenient for reformulation of optimal grouping as the MCC problem for a graph obtained by connectingĤ q Pauli words (vertices) that satisfy the qubit-wise commutativity relation. MCC is a partitioning of the Hamiltonian graph to the minimum number of fully connected (complete) subgraphs or cliques. The cliques represent terms that can be measured simultaneously.
The disadvantage of this scheme is that the Hamiltonian may require to measure too manyÂ n terms separately (see Ref. 19 for examples, typically optimal partitioning ofĤ q to QWC parts gives only reduction by factor of 3 with respect to the total number of Pauli words inĤ q ).
On the other hand, quantum mechanics allows us to determine eigenvalues of all mutually commuting operators at the same time. Therefore, potentially one can partition the Hamiltonian into groups of fully commuting termsĤ q = MC n=1Ĥ n ,
and measure their expectation values. Clearly, because all QWC terms are also fully commuting the number ofĤ n groups, M C , will not be larger than that forÂ n groups, M QWC . Moreover, Appendix A shows that the ratio between the numbers of Pauli words that commute and qubit-wise commute with an average Pauli word grows exponentially with the number of qubits. Two questions arise: 1) Is it possible to use the partitioning to fully commuting group of terms in VQE without hardware modification?, and 2) How to find the optimal partitioning of the Hamiltonian to fully commuting group of terms?
B. Unitary Transformations
To use more efficient partitioning to groups of fully commuting terms and keep the same single-qubit measurement protocol we introduce additional unitary transformations {Û n } that transform each fully commuting groupĤ n into a QWC group,Â n =Û nĤnÛ † n . Note thatÂ n are not necessarily the same QWC operators that appear in the QWC partitioning ofĤ q . Let us consider partitioning of theĤ q into fully commuting terms for the energy expectation value on a trial wavefunction |Ψ =Û |0
By introducing resolutions of the identityÛ † nÛn we can rewriteĒ asĒ
where we introduced new wavefunctions |Φ n =Û n |Ψ for which the QWC measurement of theÂ n group can be done in a regular manner. Since qubit-wise commutativity always implies full commutativity, introducingÛ n does not change the commutativity property of theĤ n set. Therefore, if we defineÛ n and obtainÂ n groups, we can do QWC measurements of |Φ n wavefunctions that produce the expectation value of energy (see Fig. 1 ). 
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Partitioning of the H q in Eq. (4) allows one to measure all Pauli words within eachÂ n term in a single set of N one-qubit measurements. For every qubit, it is known from the form ofÂ n , what Pauli operator needs to be measured. The advantage of this scheme is that it requires only single-qubit measurements, which are technically easier than multi-qubit measurements. The disadvantage of this scheme is that the Hamiltonian may require to measure too manyÂ n terms separately.
On the other hand, quantum mechanics allows us to know certainly expectation values of all mutually commuting operators. Therefore, potentially one can partition the Hamiltonian into groups of fully commuting termŝ
Clearly, because all QWC terms are also fully commuting but reverse is not true, the number ofĤ n groups, M , will be smaller than that ofÂ n , K. Moreover, Appendix A shows that the ratio between the numbers of Pauli words that commute and qubit-wise commute with an average Pauli word grows exponentially with the number of qubits. Two questions arise: 1) Is it possible to use the partitioning to fully commuting group of terms in VQE without hardware modification?, and 2) How to find the optimal partitioning of the Hamiltonian to fully commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-By introducing resolutions of the identityÛ † nÛ n we can rewriteĒ asĒ
where we introduced new wavefunctions | n i =Û n | i for which the QWC measurement of theÂ n group can be done in a regular manner. Since qubit-wise commutativity always implies full commutativity, introducingÛ n does not change the commutativity property of theĤ n set. Therefore, if we defineÛ n and obtainÂ n groups, we can do QWC measurements of | n i wavefunctions that produce the expectation value of energy.
To accomplish this we use somewhat extended idea of qubit tapering proposed by Braviy et al. 15 forĤ n fragments. Braviy et al. suggested a construction of unitary transformations applied to the whole qubit Hamiltonian that make some of the qubit operators to transform to a single Pauli operator,x i , which allows one to substitute them by numbers and thus to remove them from consideration. For our purpose, we need to substitute all single-qubit operators withinĤ n to a fixed single Pauli operator, this makes the transformed version ofĤ n to have only QWC terms. Appendix B details the construction procedure forÛ n .
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partitioning of the Hamiltonian to fully commuting terms. This question is nontrivial because the commutativity relation is not the equivalence relation in the algebraic sense and thus does not provide unique non-overlapping partitioning to the equivalence classes. To see this, let us recall that for the equivalence relation ⇠ between elements of any set {a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2) if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c. If these conditions are satisfied the set can be split into non-overlapping unique subsets whose elements are all equivalent to each other. Unfortunately, only conditions 1) and 2) are satisfied for the commutativuty relation, easier than multi-qubit measurements. The disadvantage of this scheme is that the Hamiltonian may require to measure too manyÂ n terms separately.
C. Unitary Transformations
To use more e cient partitioning to groups of fully commuting terms and keep the same single-qubit measurement protocol we introduce extra unitary transformations {Û n } that transform each fully commuting groupĤ n into a QWC group,Â n =Û nĤnÛ † n . Note thatÂ n are not necessarily the same QWC operators that appear in the QWC partitioning ofĤ q . Let us consider partitioning of the H q into fully commuting terms for the energy expectation value on a trial wavefunction | ī
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for which the QWC measurement of theÂ n group can be done in a regular manner. Since qubit-wise commutativity always implies full commutativity, introducingÛ n does not change the commutativity property of theĤ n set. Therefore, if we defineÛ n and obtainÂ n groups, we can do QWC measurements of | n i wavefunctions that produce the expectation value of energy ( Fig. ??) .
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D. Parameter optimization
The final step of the VQE algorithm involves the minimization of the total energy with respect to the wavefunction parameters, that in the case of UCC correspond to the cluster amplitudes,t. This is a non-linear optimization problem for which a variety of optimization algorithms has been proposed [71]. However, we note that in early demonstration of the VQE algorithm the objective function might exhibit a highly non-smooth character due to experimental noisy conditions. In this scenario, we might expect that direct search algorithms, which are more robust to noise, have an advantage over optimization methods that rely on gradients [72].
The optimization performance will also depend on the qual-
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is the electronic energy. To treat this problem within the VQE framework it can be mapped to a qubit eigenvalue problem
whereĤ q (R) is the qubit Hamiltonian obtained from a second quantized form ofĤ e (R) 13 using one of fermionqubit mappings, [8] [9] [10] [11] [12] and | q (R)i is the corresponding qubit wave-function. For a molecule the qubit Hamiltonian is a linear combination
whereˆ (I) i is one of thex,ŷ,ẑ Pauli operators or identitŷ e for the i th qubit. The number of qubits, N , is equal to the number of molecular orbitals used in the second quantized form the electronic Hamiltonian. Below, for simplicity, we will skip the nuclear configuration R but always assume its existence as a parameter.
Besides problems associated with devising a low-depth circuit for accurate preparation of | q i, the electronic structure problem poses another di culty for VQE, it is in estimation of the expectation value for the qubit Hamil-tonianĤ q . Note that in contrast to quantum simulators, To accomplish this we use somewhat extended idea of qubit tapering proposed by Braviy et al. 25 for theĤ n fragments. Braviy et al. suggested a construction of unitary transformations applied to the whole qubit Hamiltonian that make some of the qubit operators to transform to the single Pauli operatorx i , which allows one to substitutex i 's by numbers and thus to remove them from the consideration. For our purpose, we need to substitute all single-qubit operators withinĤ n to a fixed single Pauli operator. This makes the transformed version ofĤ n to have only QWC terms. Appendix B details the construction procedure forÛ n and also proves that such transformations always exist for linear combinations of commuting Pauli words.
C. Illustrative Example
To illustrate the advantage of the new approach let us consider the model HamiltonianĤ m = ax 1x2 + bẑ 1ẑ2 , clearly its parts commute and share eigenstates (i.e. Bell states)
These eigenstates givê
and hence their eigenvalues for the model Hamiltonians are
If | + is set as a trial VQE wavefunction, a singlequbit measurement scheme cannot determine expectation values ofẑ 1ẑ2 andx 1x2 at the same time. This is easy to illustrate, by consideringẑ 1ẑ2 measurements, it will collapse | + to either |↑↑ or |↓↓ with equal probabilities and eigenvalue +1 for both outcomes. However, based on onlyẑ 1ẑ2 measurements we will not be able to separate | + from | − . On the other hand, expectation values ofx 1x2 are uncertain after theẑ 1ẑ2 measurement. Even though
there are non-zero variances for both wavefunctions. This is a result of a single-qubit projective measurement of | + that destroys the superposition and projects | + onto the |↑↑ and |↓↓ basis. The only way to obtain information onx 1x2 in the conventional single-qubit scheme is to start over and to measure | + usingx 1 andx 2 operators. This will produce the second set of data because measurement ofx 1 andx 2 operators projects a wavefunction to a different basis
wherex |→ = +1 |→ andx |← = −1 |← . In the case of | + we will obtain two projections |→→ and |←← both with eigenvalue +1, as previously, the z projections are uncertain after measuringx 1x2 .
The new technique introduces a unitary transformation U = (x 1x2 +ẑ 1 )(ẑ 1ẑ2 +x 2 )/2 that modifies the model Hamiltonian into a QWC group
Therefore, if we measurê
on the QWC operator aẑ 1 + bx 2 we obtain a + b in all instances with the wavefunction readout corresponding to |↑→ . Similarly, ifÛ | − = |↓→ is measured for the QWC operator, we obtain the correct answer −a + b in all cases with a single set of measurements.
D. Optimal partitioning of the Hamiltonian
Optimal partitioning for the qubit Hamiltonian to a minimal number of groups containing mutually commuting terms can be done exactly the same way as in the QWC partitioning. 19 Regular commutativity can be also considered as a binary symmetric relation between Pauli words of the qubit Hamiltonian. This allows one to represent any qubit Hamiltonian as a graph with edges between commuting terms (vertices). As a simple illustration, one can consider the following model Hamiltonian
whose commutativity graph is given in Fig. 2 . Then, to determine how many terms can be measured at the same time, one needs to gather groups of terms that are commuting. In the graph representation, this means finding fully-connected sub-graphs or cliques. To optimize the measurement process we are interested in the minimum number of cliques, the MCC problem (Fig. 2, the 
This problem is NP-hard in general. Also, it is easy to see there are other clique covers possible (Fig. 2 , the lower panel)Ĥ
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By introducing resolutions of the identityÛ † nÛ n we can rewriteĒ asĒ
To accomplish this we use somewhat extended idea of qubit tapering proposed by Braviy et al. 15 forĤ n fragments. Braviy et al. suggested a construction of unitary transformations applied to the whole qubit Hamiltonian that make some of the qubit operators to transform to a single Pauli operator,x i , which allows one to substitute them by numbers and thus to remove them from consideration. For our purpose, we need to substitute all single-qubit operators withinĤ n to a fixed single Pauli operator, this makes the transformed version ofĤ n to have only QWC terms. Appendix B details the construction procedure forÛ n . 
where we introduced new wavefunctions | n i =Û n | i for which the QWC measurement of theÂ n group can be done in a regular manner. Since qubit-wise commutativity always implies full commutativity, introducingÛ n does not change the commutativity property of theĤ n set. Therefore, if we defineÛ n and obtainÂ n groups, we can do QWC measurements of | n i wavefunctions that produce the expectation value of energy (Fig. ??) .
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partitioning of the Hamiltonian to fully commuting terms. This question is nontrivial because the commutativity relation in the Z basis. We must apply H or R x ( ⇡ 2 ) gates (or equivalent) to change basis when measuring Pauli-Y and Pauli-X operations. state, as described in [31] . In this case, the indexes of the excitation operators in Eq. (7) run over the set of all possible spin-orbitals.
C. Energy measurement
Once the state preparation has been performed, the next step in the VQE algorithm is the calculation of the objective function that corresponds to the energy measurement E = h 0 |e (T T † ) He T T † | 0 i. To avoid performing phase estimation, which has a prohibitively large circuit depth for current and near-future quantum devices, we employ the Hamiltonian averaging procedure, introduced in [31, 35] . In this case the energy is calculated by measuring the expecta-
D. Parameter o
The final step of the VQE algor tion of the total energy with resp rameters, that in the case of UC amplitudes,t. This is a non-linea which a variety of optimization al [71] . However, we note that in VQE algorithm the objective func non-smooth character due to exp In this scenario, we might expect t which are more robust to noise, h mization methods that rely on gra
The optimization performance w ity of the starting parameters. Fort erate starting guesses for the clust sical quantum chemistry approac CCSD employ the CC amplitudes Møller-Plesset perturbation theor to solve for the CC equations. Th given by the equations:
where ✏ p stands for the Hartree-F and h pqrs represent the two elect information is obtained directly fr 
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partitioning of the Hamiltonian to fully commuting terms. This 2 commutator of ne-qubit operaerparts inP (n) J . rmal commutat true, a simple 2 ] qw 6 = 0. one to measure single set of N it, it is known tor needs to be that it requires are technically he disadvantage may require to ics allows us to utually commute can partition muting terms k (6) 0, 8I&J. (7) ully commuting Ĥ n groups, M , over, Appendix mbers of Pauli mute with an ith the number By introducing resolutions of the identityÛ † nÛ n we can rewriteĒ asĒ
Here we will address the question on optimal partitioning of the Hamiltonian to fully commuting terms. This question is nontrivial because the commutativity relation is not the equivalence relation in the algebraic sense and This solution contains larger number of cliques and thus is not optimal.
Even though the MCC problem is NP-hard, there are several heuristic algorithms that scale quadratically with the number of vertices and thus can be easily used for obtaining close to optimal solutions. Assessment of several such heuristic techniques is done in Ref. 19 for Hamiltonian graphs based on qubit-wise commutativity. Here, we will use the same heuristics as for the QWC grouping, their descriptions can be found in Ref. 19 and original papers: Greedy Coloring (GC), 26 Largest First (LF), 27 Smallest Last (SL), 28 DSATUR, 29 Recursive Largest First (RLF), 30 Dutton and Brigham (DB), 31 COSINE, 32 Ramsey, 33 Bron-Kerbosch-Tomita (BKT). 34 All these heuristics except BKT have polynomial computational scaling with respect to the number of graph vertices.
III. NUMERICAL STUDIES AND DISCUSSION
To assess the impact of grouping fully commuting terms we solve the MCC problem for graphs of qubit Hamiltonians constructed for several molecule/basis pairs (see Tables I and II) . Details of generating these Hamiltonians are given in Supplementary Information.
According to Table I , the deviation between the mini- 6 mum number of commuting cliques produced by different heuristics can reach up to 50%. Out of all heuristics the best results on the first three small Hamiltonians were produced by BKT, but because of exponential scaling it is not applicable to Hamiltonians larger than hundred terms. The next best approach is DB, but already for the 14-qubit systems it spends two orders of magnitude longer time than RLF and thus has not been selected to investigate larger systems. Therefore, as for QWC grouping, RLF remains the algorithm of choice, being optimal in terms of computational time and yielding about 25% fewer cliques than the next-best heuristics. Least-square fitting of the fully commuting clique numbers for RLF with N in the double logarithmic scale results in an N 2 dependence, which is an N -fold reduction from the same dependence for the QWC cliques, which is N 3 (Table I ). The total number of terms in the studied Hamiltonians also scales as N 3 , which is attributed to a non-negligible contribution of one-electron integral terms whose scaling is N 2 . As for maximum clique sizes and standard deviations of clique size distributions (Table II) , they grow with rates slightly higher and lower than linear in N , respectively. Separate analysis for the JW and BK transformations did not reveal any significant differences between groupings in Hamiltonians obtained with these transformations.
IV. CONCLUSIONS
We have introduced a new method to reduce the number of measurements in the VQE approach to the electronic structure problem. The method is based on partitioning of the qubit Hamiltonian to the minimum number of groups whose terms are fully mutually commuting. By introducing additional unitary transformations each group can be transformed into a group of QWC terms that can be measured simultaneously.
The main advantage of the new technique is that it can reduce the number of simultaneously measurable terms to largest groups of compatible operators without need for modification of currently used measuring hardware. For considered examples of molecular electronic Hamiltonians the method produces N -fold reduction of the number of measurable groups compared to the previously used QWC grouping. An additional unitary transformation for each group introduces into a VQE circuit only 2N one-qubit gates and N multi-qubit Pauli word exponents that can be decomposed into product of up to ∼ N 1+log 2 3 two-qubit gates.
The idea of introducing unitary transformations that change some Hamiltonian fragments to sum of QWC terms without modification of the expectation value can be taken to the limit where the whole Hamiltonian is transformed by a single unitary operator to a QWC group, UĤÛ † =Â. The maximum size of a QWC group is 2 N , and thus suchÂ exists. This would allow one to measure the entire Hamiltonian in a single set of measurements, however, the complexity ofÛ is equivalent to that of the original many-body problem. Yet, this example suggests that in the measurement process one is not limited by only groups of fully commuting terms and more general unitary transformations can be potentially devised to reduce the number of simultaneously measurable terms. Here, we illustrate that for an average Pauli word, in the full set of 4 N Pauli words, there is exponentially more commuting than qubit-wise commuting Pauli words. An average Pauli word can be thought asê 1 , ..ê N/4 ,σ N/4+1 , ...σ N , whereê i 's denote the identities on i th qubits,σ j are Pauli operators, and N mod 4 = 0 for convenience. The number of QWC terms is
because inê 1 , ...ê N/4 one can substitute any identity by any Pauli operator without violating the QWC condition, which gives factor 4 N/4 , and inσ N/4+1 , ...σ N one can substitute anyσ by identity, which gives rise to factor 2 3N/4 . The number of terms commuting with the average Pauli word is
Here we used the fact that the total number of words is 4 N and a half of them will be commuting with any non-constant Pauli word and another half will be anticommuting. Therefore, the ratio N C /N QWC = 2 3N/4−1 grows exponentially with N .
APPENDIX B: DETAILS OF UNITARY TRANSFORMATIONS
Here we detail the construction of unitary transformations that produce QWC terms from any linear combination of fully commuting Pauli words. Few elements of this construction are taken from Bravyi et al., 25 but to keep the discussion uniform and self-contained we reproduce them here.
A. Unitary transformations
Let us consider construction ofÛ n for one of the Hamiltonian fragmentsĤ n that contains mutually commuting Pauli words,Ĥ n = I C IPI , [P I ,P J ] = 0.
Due to this commutativity and a mapping between the Pauli operator and symplectic linear vector spaces, it is possible to apply techniques developed by Bravyi et al. 25 to find a set T = {τ 1 , ...,τ N } of N mutually commuting Pauli words,τ i 's, which also commute with all terms of H n . Also, one can find a set Q = {σ 1 , ...,σ N } of single qubit Pauli operatorsσ i for eachτ i so that
Finally, the unitary operationÛ n that transforms H n to its QWC form is constructed througĥ
where eachV i takesτ i to single qubit Pauli operatorσ i to be measured. Eventuallŷ
whereP I is a product ofσ i ∈ Q. The procedures to obtain T and Q are detailed below.
B. Encoding unitary transformations on a quantum computer
To putV i 's into a form acceptable for encoding on a quantum computer, we rewrite them aŝ
It is straightforward to check that it is indeed an equality
where to arrive to the last line we used anti-commutation betweenτ i andσ i .
In the worst caseτ i may involve all N qubits. We can decompose e i π 4τ i into product of O(N log 2 3 ) two-qubit operations. 35 Hence,Û n requires at most O(N 1+log 2 3 ) one-and two-qubit gates.
TECHNIQUES OF SYMPLECTIC GEOMETRY
C. Operator-vector space mapping
To be able to use methods of symplectic geometry we introduce a mapping between N -qubit Pauli words and 2N symplectic vector space F over the GF (2) field (also known as binary field Z 2 ). Any Pauli wordP corresponds to a binary vector P with i th and (N + i) th components defined as
For example, for N = 4,P =x 1ŷ2ẑ3ê4 is mapped to P = (1100; 0110), where the semicolon is put only for readability.
This mapping is convenient because commutativity between two Pauli words [P 1 ,P 2 ] = 0 corresponds to orthogonality between corresponding vectors, ( P 1 | P 2 ) = 0. The inner product ( P 1 | P 2 ) between two vectors P 1 and P 2 is defined in a symplectic manner
where (., .) is normal Euclidian inner product and J is a symplectic metric matrix
Therefore, we will use commutation and orthogonality interchangeably. The symplectic inner product is bi-linear, and thus ifP 1 commutes withP 2 andP 3 , then P 1 is orthogonal to P 2 + P 3 . Also anti-commutation {P 1 ,P 2 } = 0 corresponds to ( P 1 | P 2 ) = 1. Another useful correspondence is between results of addition of vectors and multiplication of Pauli word operators: P 1 + P 2 = P 3 is equivalent toP 1 ·P 2 = pP 3 , where p is a phase factor that has values ±1, ±i depending on single-qubit Pauli operators and their order in theP 1P2 product.
D. Types of symplectic subspaces
Here we introduce a few types of symplectic subspaces that will be utilized to treat the fully commuting sets of operators. For a subspace V , the orthogonal complement will be denoted by V ⊥ . The dimensionalities of the two 8 subspaces are connected by dim(V ) + dim(V ⊥ ) = 2N , while taking the complement twice returns the initial subspace, (V ⊥ ) ⊥ = V . The examples below are given for N = 2, which corresponds to a 4-dimensional symplectic vector space.
• V is Isotropic ↔ V ⊂ V ⊥ . For example, V = span{(10; 00)} is an isotropic subspace with the orthogonal complement V ⊥ = span{(10; 00), (01; 00), (00; 01)},
which contains V .
For example, taking the V ⊥ of the previous example as V one obtains a coisotropic subspace V = span{(10; 00), (01; 00), (00; 01)}, (46) V ⊥ = span{(10; 00)}.
(47)
A Lagrangian subspace is also the largest isotropic or the smallest coisotropic subspace.
Based on these examples it is clear that if
It is also can be proven that for any isotropic space V , there exists Lagrangian subspace L such that V ⊆ L ⊆ V ⊥ , and dim(L) = N . 36 
PROCEDURES
A set of mutually commuting Pauli words fromĤ n is isomorphic to an isotropic subspace in the symplectic vector space of 2N dimensions. Thus, we can always find the Lagrangian subspace and its basis of N orthogonal basis vectors. These basis vectors are mapped to the mutually commutingτ i 's operators that also commute with all terms inĤ n .
E. Findingτi's
Here we show how to find the N mutually commuting operatorsτ i 's that also commute with all terms in the group of Pauli termsĤ n .
Step 1: Finding orthogonal basis vectors using Gaussian elimination: Gaussian elimination for all elements ofĤ n creates basis of V that is mutually commuting because the original terms are mutually commuting and their addition does not change this property. This basis forms isotropic space because all basis vectors are self-orthogonal and therefore can be thought as a part of V ⊥ basis, hence the condition V ⊆ V ⊥ is satisfied and V is isotropic. dim(V ) = K ≤ N , and if K = N then V is Lagrangian and there is no need to do anything else, theτ i 's are obtained from the N basis vectors of V . If K < N then the next step of building the basis of the orthogonal complement V ⊥ is needed.
Step 2: Finding basis for V ⊥ : The normal binary null space is obtained for V . Then the first and second halves of indices are interchanged so that we obtain a null space in the symplectic sense. This null space is V ⊥ , it is coisotropic and dim(V ⊥ ) = M ∈ [N + 1, 2N ) . M = N because M = N would require K = N , and thus the procedure would have exited on the first step.
Step 3: Finding the Lagrangian subspace in V ⊥ : V ⊥ is coisotropic and therefore some of its basis vectors commute and the others anti-commute. To obtain N mutually commuting vectors (the basis of the Lagrangian subspace) this step eliminates M − N vectors from the basis of
, by using a symplectic version of the Gram-Schmidt orthogonalization procedure. First, a pair of anti-commuting vectors is found. Using the enumeration freedom we can assume that this pair is formed by first two vectors: ( c 1 | c 2 ) = 1. Then the other vectors are orthogonalized to the first two as follows
Then a new basis set of M − 1 vectors is formed,
Note that there is a freedom in eliminating either c 1 or c 2 from the old basis. In the new basis, the only possible source of anti-commutativity is { c k } subset, so the procedure for the search of an anti-commuting pair is repeated. Once the new pair is found the procedure of orthogonalization of all { c k } to that pair is repeated with elimination of one of the pair members to produce M − 2 basis vectors. Once the algorithm cannot find any new anti-commuting pairs it will have N mutually commuting basis vectors of the Lagrangian subspace that can be mapped directly toτ i 's.
F. Findingσi's
Given a set ofτ i ∈ T , to build the unitary transfor-mationÛ n [Eq. (36) ] requires a set of single qubit Pauli operatorσ (i.e. x 1 , y 2 , z 3 etc.) satisfying
Note that Eq. (52) requires that all σ i 's correspond to different qubits. The resulting transformationÛ n will transformτ i →σ i .
Forτ 1 , we have N qubits available to defineσ 1 , so if τ 1 hasx 1 ,σ 1 should be one of anti-commuting operatorŝ y 1 orẑ 1 . To make the rest ofτ i 's to commute withσ 1 we perform an orthogonalization step:
so that ( τ k | σ 1 ) = 0 is guaranteed, and the mutual commutation between τ k is not changed. Then we findσ i 's for the available qubits for the rest ofτ i and after finding eachσ i we do re-orthogonalization of {τ j } N j=i+1 . Let us prove the existence of Nσ i 's that can be found in the described process. We have already shown that it is straightforward to find the initialσ 1 , let us consider some intermediate step, where T A is a subset of T with N A elements for which N Aσi 's are found and are assigned to a Q A set. Then T B = T /T A is a complementary subset with the rest ofτ i 's that are commuting with operators from both T A and Q A sets. To continue the process we need to find a non-trivial (i.e. non-identity) qubit operator σ for a qubit that is not present in the Q A set but is in one of the elements of T B . Then, constructing the next σ N A +1 operator can be done by taking an operator that anti-commutes withσ . To prove that this is possible we will show that such a non-trivialσ exists. Let us assume the contrary and arrive to a contradiction. Indeed, if all T B elements have only trivial (i.e. identity) qubit operators for qubits higher than N A , then they either must be all equal to the identity, which is a zero vector and cannot be a basis vector in the Lagrangian subspace, or they will not be able to commute with both Q A and T A sets simultaneously, which is also a contradiction to the initial assumption about commutativity of T B elements with the Q A and T A sets.
G. Generating QWC terms on a classical computer
Note that the form of the unitary operator in Eq. (36) results in an exponential number of Pauli words inÛ n . It is therefore infeasible to apply this unitary operation toĤ n on a classical computer. To avoid this issue we can present each Pauli word inĤ n as a product ofτ i 's, then the unitary operation applied toτ i 's can be done analytically.
LetP be one of the Pauli words inĤ n for which sets T and Q are found. Since the T -set forms basis in L and sum of vectors can be mapped to a product of operators up to a phase, we can always find a subset K ⊂ T so that
where p is a phase that arises from multiplication between τ k . Then it is obvious that
= p kσ k .
The set K can be found efficiently through a linear expansion of P using T in F as the basis, this procedure is equivalent to solving a system of linear equations over the binary field. Then we construct the result of transformation directly from elements of Q for each Pauli words inĤ n .
H. Example: H2 molecule
We provide below a simple example of constructing the unitary transformation for one of two mutually commuting groups in the qubit Hamiltonian of H 2 /STO-3G. The BK transformed qubit Hamiltonian of H 2 contains the following mutually commuting group H 1 = −0.4738 + 0.1412z 1 + 0.0558x 2 z 1 x 0 + 0.0558y 2 z 1 y 0 +0.0868z 2 z 0 + 0.1425z 2 z 1 z 0 + 0.1489z 3 z 1 +0.0558z 3 x 2 z 1 x 0 + 0.0558z 3 y 2 z 1 y 0 + 0.0868z 3 z 2 z 0 +0.1425z 3 z 2 z 1 z 0 .
The described procedures produce the following sets of T and Q
and the unitary operation U 1 = 0.25x 3 x 1 x 0 + 0.25x 3 z 1 x 0 + 0.25x 3 x 2 x 1 y 0 +0.25x 3 x 2 z 1 y 0 + 0.25x 3 y 2 x 1 + 0.25x 3 y 2 z 1 −0.25x 3 z 2 x 1 z 0 − 0.25x 3 z 2 z 1 z 0 + 0.25z 3 x 1 x 0 +0.25z 3 z 1 x 0 + 0.25z 3 x 2 x 1 y 0 + 0.25z 3 x 2 z 1 y 0 +0.25z 3 y 2 x 1 + 0.25z 3 y 2 z 1 − 0.25z 3 z 2 x 1 z 0 −0.25z 3 z 2 z 1 z 0 .
The result of the transformation is a QWC group U † H 1Û = −0.4738 + 0.1412x 1 + 0.0558x 1 y 0 −0.0868x 2 y 0 + 0.0558x 2 x 1 − 0.1425x 2 x 1 y 0 +0.1489x 3 x 1 + 0.0558x 3 x 1 y 0 − 0.0868x 3 x 2 y 0 +0.0558x 3 x 2 x 1 − 0.1425x 3 x 2 x 1 y 0 .
SUPPLEMENTARY INFORMATION: HAMILTONIAN GENERATION H 2 molecule: One-and two-electron integrals in the canonical restricted Hartree-Fock (RHF) molecular orbitals basis for R(H-H)=1.5Å, were used in the Bravyi-Kitaev (BK) transformation to produce the corresponding qubit Hamiltonian. Spin-orbitals were alternating in the order α, β, α, ....
LiH molecule: Using the parity transformation for the LiH molecule at R(Li − H) = 3.2Å, a 6-qubit Hamiltonian containing 118 Pauli words was generated. Spinorbitals were arranged as "first all α then all β" in the fermionic form; since there are 3 active molecular orbitals in the problem, this leads to 6-qubit Hamiltonian. This qubit Hamiltonian has 3 rd and 6 th stationary qubits, which allowed us to replace the correspondingẑ operators by their eigenvalues, ±1, thus defining the different "sectors" of the original Hamiltonian. Each of these sectors is characterized by its own 4-qubit effective Hamiltonian. The ground state lies in the z 3 = −1, z 6 = 1 sector; the corresponding 4-qubit effective Hamiltonian (Ĥ LiH ) has 100 Pauli words.
H 2 O molecule: 6-and 26-qubit Hamiltonians were generated for this system in the 6-31G basis, and the 14-qubit Hamiltonian was generated using the STO-3G basis. The geometry for all Hamiltonians was chosen to be R(O − H) = 0.75Å and ∠HOH = 107.6 • The 14-and 26-qubit Hamiltonians were obtained in OpenFermion using both JW and BK transformations without any modifications, while for the 6-qubit Hamiltonian we used several qubit reduction techniques detailed below.
Complete active space (4, 4) electronic Hamiltonian was converted to the qubit form using the BK transformation grouping spin-orbitals as "first all alpha than all beta". The resulting 8-qubit Hamiltonian contained 185 Pauli terms. 4 th and 8 th qubits were found to be stationary; the ground state solution is located in the z 3 = 1, z 7 = 1 subspace. By integrating out z 3 and z 7 , the 6-qubit reduced Hamiltonian with 165 terms was derived. 
